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Abstract. The problem of classification of closed local minimal nets on surfaces of 
constant negative curvature has been formulated in Q in the context of the famous 
Plateau problem in the one-dimensional case. In |^] an asymptotic for log'^{W^' (g)) as 
g — > +CXD where g is genus and W^{g) is the set of regular single- face closed local minimal 
nets on surfaces of curvature —1 has been obtained. It has been shown that ^{W^{g)) 
is equal to the number of classes of topological equivalence of all single-face closed local 
minimal nets on surfaces of curvature —1. In this paper we prove an asymptotic for 
^{W^{g)) as (? — > +00 and construct some examples of /-face, / > 1 nets. 

1 Introduction 

Let (M^, ds"^) be a Riemann surface of constant curvature. Closed local minimal net 
r on is an embedded cubic graph consisting of segments of geodesies where the 
angles at any vertex are equal to 27r/3. A local minimal net is regular if all segments 
of geodesies are equal. 

Two local minimal nets are toplogically equivalent if there is a homeomorphism 
of surfaces preserving the orientation and transferring nets one into another. 

Two local minimal nets are isomorphic if there is an isometry of surfaces trans- 
ferring these nets one into another. 

Let r be a net on M^. If the difference \r is homeomorphic to one disk then 
the net F is single-face. If the difference M| \ F is homeomorphic to / disks then 
net F is f-face. 

The problem of classification of closed local minimal nets on surfaces of constant 
negative curvature has been formulated in in the context of the famous Plateau 
problem in the one- dimensional case. 

* Supported by DAAD. 



Full description of such nets in the case of curavature 1 one can find in 0. There 
are many interesting applications of this result, see [Q, 0]. 

We consider the case of orientable surfaces of curvature —1. In an asymptotic 
for log tl(iy((7)) as g ^ +oo where g is genus and W^^g) is the set of regular single- 
face closed local minimal nets on surfaces of curvature —1 has been obtained. It has 
been shown that 'iliW^^g)) is equal to the number of classes of topological equivalence 
of all single-face closed local minimal nets on surfaces of curvature —1. In this paper 
we prove an asymptotic for tl(W^^(5')) a.s g ^ +oo and show that a description of 
all single-face closed minimal nets on surfaces of curvature —1 can be obtained d 
ue to a description of the set of regular single-face closed minimal nets in terms of 
polygons on the hyperbolic plane. Then we construct some examples of /-face nets, 
/>!• 



2 Single-face nets 

In order to describe the set of the single-face regular local minimal nets on will 
use the following algebraic construction. 

Let us call a word U of length 12g — 6 a Wicks form of genus g if it satisfies the 
following conditions 

1. each letter has been used twice clS X and X , 

2. there is no pair of distinct, noninverse letters x,y which appear in U only in 
subwords (xy)^^. 

If letters x,y appear in U only in subwords (xy)^^, we can replace (xy)^^ by 
z^^. This operation we will call reduction. 

Two words Ui and U2 are equivalent, if Ui can be obtained from U2 by per- 
mutation of letters, by substitution of some of them for inverse ones and by cyclic 
permutation. 

It turns out that there is an inductive method to construct all words U{g + 1) 
from U{g). We can describe the transformations by which all words U{g + 1) can 
be obtained from words U{g). 

Let us rewrite U changing a into aia2 and put the fragment 

td-^ef-^dhe-^fh-H-^ 

between ai and a2 or between a^^ and a^^. This transformation is called a- 
transformation. 

Another transmormation is to rewrite U changing a into aia2 and b into 6162 
and put the fragment 

d-^ef-^d 

between oi and 02 or a^^ and a]~^ and put the fragment 

between bi and 62 or and 6j~^.This transformation is called by /^-transformation. 
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The third transformation is the following. We rewrite U changing a into aia2, b 
into 6162 and c into C1C2 i.e. 

U' = Uiala'jU2bib^iUsctcp4 

(an expression of type a^a^- means the 0102 or ^ct]^^, where e = 1, z = 1, j = 2 or 
e = —1, z = 2, j = 1) We'll say that the word 

V = U,ald''eb',Usctr'dap,bie-'fcp, 

is obtained from U by 7-transformation. 

Lemma, Word U{g) corresponds to an embedded cubic graph with 4g — 2 
verties on a M| if and only if this word can be obtained from 

abca^^b~^c~^ 

by a sequence of {g — 1) a, j3 or 7-transformations. 
Theorem 1.1 For ^W''"{g) the following asymptotic 

" (3^-2)!^!12^'^ ^ " 

holds. 

Proof. As mentioned above, tlW^^(fl') equals the number of classes of topological 
equivalence of the single-face nets on Mg. First we shall show that the problem of 
topological classification of single-face local minimal nets on Mg, g > 1 is equivalent 
to the problem of topological classification of embeddings of cubic graphs to a surface 

a 

Let us consider a single-face embedded cubic graph P in a surface Mg, label the 
edges of P by different letters {a,b,...} of an alphabet A. Let us choose also an 
orientation of any edge of P. The difference Mg\P consists of a disk with a word U 
on the boundary of this disk. The number of the different letters (or the number of 
edges of the graph) is Gf? — 3. In the word U each letter has been used twice. Taking 
into account the orientation of the edges we'll write x and if the orientations 
of the corresponding segments are different. There is no pair of distinct, noninverse 
letters x,y which appear in U only in subwords (xy)"^^. Our classification theorem 
is based on the description of words U from Lemma befor the theorem. 

There is a realization of local minimal nets for any equivalence class of cubic 
graphs on the M| as a nontrivial subset of this class. (One may consider a regular 
polygon on the hyporbolic plane labeed according the corresponding word U). 

Thus, we have now to describe the set of equivalence classes of graphs. This 
means to describe all possible words U up to equivalence, see above. 

Let us consider an oriented connected cubic graph F with 2k vertices and 3k 
edges labeled by different letters of an alphabet A with specified cyclic orderings of 
the edges at any vertex. At any vertex v of graph we will write a cyclic ordered 
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triples of letters so that a letter x has exponent 1 if the edge x enters in v and —1 if 
X leaves v. An ordered graph is a graph with specified cyclic oderings (the triples) at 
the edges at each vertex. We will call the set of elements x, x~^ ,x G A by 2Q. The 
vertices of a graph may be considered as sets into which 2Q is partitioned. Let us 
consider a permutation P on 2Q such that the cyclic order at any vertex determines 
a cycle in the permutation P and an inverse ^ transferring x to x~^ for any x from 
2Q. If permutation P^ has / cycles then permutation P determines an embedding 
of graph r in the sphere with g handles where there are / faces, 2k vertices and S/c 
edges, satisfying the equality k = 2g + f — 2, 0], i.e. there is an /-face embedding of 
genus g. (Note that for / = 1 permutation P^ is the considered above Wicks form 
U). Two ordered graphs {Q,P) and {Q',P') are isomorph if there is a one-to-one 
mapping $ such that 

$[P(/5)] = P'[$(/?)],$(/3-^) = $(/3)-i 

for any (3 from 2Q. Thus the automorphism group of P (denoted by aut{P)) is the 
set of permutations on 2Q which commute with P and ^. 

A connected ordered graph is rooted if one element (3 of 2Q is distinguished. 
A root isomorphism from one ordered graph [E, P, (3) onto another one [E' , P', j3') 
is an isomorphism $ from [E, P) onto {E', P') such that $(/3) = f3'. Thus a root 
automorphism on [E, P, (3) is a permutation on 2E which commutes with P and ^ 
and preserves (3. (Corresponding Wicks form we will call a rooted Wicks form.) In 
has been shown that the number of essentially different ways to root the ordered 
graph {E, P) that is, the number of root-isomorphism classes of rooted ordered 
graphs which are isomorphic as ordered graphs to {E,P) is 6k/\aut{P)\. Then 

l<t<6k. (1) 

Let -R(l, g) be the number of rooted ordered graphs on Ag — 2 vertices, Qg — 3 edges 
such permutation P^ consists of one cycle. 

The following formula has been obtained in [^: 

_ (12^-6)(6^-4)! 
^^^^ - {3g-2y.g\12^ ' 

Let A^(l, g) be the number of rooted ordered graphs on Ag — 2 vertices, Qg — 3 edges 
such permutation consists of one cycle. Then R{g)/t < N{l,g) < R{g). There 
is a one-to-one correspondence between single-face genus g embeddings and ordered 
graphs where permutation P^ consists of one 12g — 6. Then the number of genus g 
embeddings equals to N{l,g). Taking into account (1) and (2) we obtain 

<iV(l..)< 



{3g-2)\g\12s 



^ {12g-6){6g-4)\ 

- {3g-2y.g\123 " ^ ^ 
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Thus 
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Let us prove N{l,g) < ^(1 + o(l)). 

Denote Ni{g) the number of the Wicks forms with trivial automorphisms and 
Nk{g) the number of the Wicks forms with automorphisms of order k. It is obvious, 
that 

N,{g)<R{g)/12g-Q. 

So, we have to prove, that 

12g-6 

J2 Nu{g)=o{R{g)/l2g-Q). (1) 

fe=2 

Let X and y be some letters of U where U = UixU2y- We define the distance between 
X and y (it is noted as d{x,y)) for letters x, y of U to be min(|[/i|, \U2\)- We will 
estimate the number of boundary walks of single-face embeddings of cubic graphs 
on 4(yf — 2 vertices. It is obvious, that a boundary walk of a single-face embedding of 
a cubic connected graph on Ag — 2 vertices can be written as a word U with length 
12g — 6. The word U will be a genus g Wicks form. Let us note, that if edges a, b, c 
are leaving a vertex v of G, then there are subwords a~^b, b~^c and c~^a in U. 

Lemma 1. One may estimate the number of the Wicks forms with automorphisms 
of the second order by the following expression 

N2{g)<{g + l) n (12^?-6-7m). 

m€N,12g-e-7m>0 

Proof. We will consider a 12g — 6-gon and try to construct a Wicks form U with an 
automorphism ^ of the second order. It is known, (see,for example that every 
multiple edge (6, c) gives subwords of abca~^ and db~^c~^d~^ kind in U or subword 
of eabca~^db~^c~^d~^e~^ kind. In the begining of the proof we consider the case, 
when U has / multiple edges such that db~^c~^d~^ = ^{abca~^). We will say, that 
the multiple edge (6, c) is diagonal multiple edge. 

On the first step we fix words oibiCio^^ and dib^^c^^d^^ corrisponding to a 
multiple edge (6i,Ci) , dib^^c^^d^^ = ^(aifeiCiaf^). So, 8 letters are fixed before 
the second step and there are no more than 12g — 6 — 8 possibilities for the words 
corresponding to the second multiple edge (02,62)- There are 16 letters are fixed 
before the third step and there are no more than 12g — 6 — 16 possibilities for the 
words corresponding to the third multiple edge. The procedure we will call a- pro- 
cedure and 8k letters have been already fixed after fc-step of the a- procedure. The 
a- procedure has 1 steps and there are 125f — 6 — 8/ "free" places after it. Let's 
describe a /3-procedure. Let's note, that if letter x is fixed, then x~^, C,{x) and 
C,{x~^) are fixed too. Let z be a letter, which have been already fixed, but there 
is a free place near z. We continue /-step of a- procedure by fixing elements xi 
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and yi such that z~^Xi and z are subwords of U and Xi and yi have not been 
fixed by a- procedure. So, there are no more, than 12g — 6 — 8/ — 2 possibihties 
for the subword x^^yi in U. The places for ^{xi),^{yi),^{x^^),^{yi^) are deter- 
mined, because U has an automorphism of the second order. Let w be a letter, 
which has already fixed, but there are free places after w and before w^^. We will 
put X2 after w and y2 before w^^. We define /c-step of the /^-procedure so that 
elements Xk,yk,i{xk-i),i{yk-i),x'^\y^\,^{x'^\),^{y,^\) are fixed on the /c-step. 
Let Ak be the set of all letters of U which have been already fixed after the k- 
step. So, l^fcl = |^fc-i| + 1-^(^)1) where N{k) is a number of letters, which can be 
fixed on the /c-step. By definition of /c-step, the set A^(A;) consists of the elements 
Xk,yk,C{xk-i),C{yk-i),x;:l^y]:\,^{x;:\),^{y^^^). According our construction these 
elements has been not fixed before /c-step. It easy to see, that N{k) > 7, if Xk-i and 
yk-i are not multiple edges with Xk-i = ^{xk-i),yk-i = CiUk-i)- 

We will continue the /3-procedure while it is possible. So, the general procedure 
of constructing U consists of two inductive procedures( a and f3). We will say, that 
the procedure of constructing of a cubic with / diagonal multiple edges is successful, 
if we obtain a Wicks form with exactly / diagonal multiple edges after it. Since we 
have no more than 12g — 6 — 7k possibihties of choice in the k step of the general 
procedure and no less than seven letters are fixed in the each step, then 

TV' < {12g - 6 - 8) J] (^^^ - 6 - 7m),l = 1, . . . , g, 

m>2,12g-6-7m>0 

where is the number of cubic words with an automorphism of the second order 
with / diagonal multiple edges (it is easy to see, that a cubic word cannot have more 
than g multiple edges), I = 0, .... g. 

If U has no multiple edges, we can start /3-procedure with a letter c such that 
(i(c, c~^) — 6g — A. Since Aut{U) = 2 the letter c there exists. In this case in the 
first step we fix only six lcttcrs(in the fc-step, where A; > 2 we fix no less than seven 
letters by definition of the /^-procedure) , 

A^o < (12^ - 6 - 6) YI (12^-6- 7m). 

m>2,12g-6-7m>0 

So, 

N2(g)^N° + N^ + ... + N<^ <{g+l) (12c/ - 6 - 7m) 

meAr,12ff-6-7m>0 

The Lemma 1 is proved. 

Lemma 2. One may estimate the number of the Wicks forms with automorphisms 
of order 3 by the following expression 

A^3(^)<2/ n (12^- 6- 7m). 

meN,12g-6-7m>0 
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Proof. Let f/ be a Wicks form with automorphism ^ of the third order. Let v 
be a vertex and edges a, b, c arc leaving it. We will say, that v is automorphic, if 
^{a~^b) — b'^c and ^{b~^c) — c~^a or ^(a~^6) = c'^a and i{c~^a — b~^c. 

Let Vi be an automorphic vertex, edges ai,bi,Ci are leaving it and the edge bi 
enters a vertex Wi. It is obvious, that Wi cannot be automorphic. Edges 61,62,63 
enter the vertex Wi and 62 leaves a vertex V2. The vertex ^2 can be automorphic. 
If V2 is automorphic, we will say, that V2 is neighbor of fi. So, two automorphic 
vertices v and w are neighboring, if the shortest path between v and w consists of 
two edges. 

Vertices, which are ends of an edge x we will denote by a;_ and x^, where x 
leaves x_ and enters x^. Let us prove, if \U\ > 30{g > 3), then every automorphic 
vertex can have only one neighbor. Let edges a, 6, c be leaving a vertex v, edges 
d, f, e be leaving a vertex w and v and w are neighboring automorphic vertices, 
then a+, 6+, c+ and f.^, e+ are equal sets of vertices of F, that is if 6+ = e+, then 
a+ = (i+,c_|„ = /+ or a+ = /+,c+ = e+. Without loss of generality we can assume, 
that a_|_ = 6+ = e+ and c_|_ = /+. Since all vertices of the graph F are degree 
three, there are some edges g,h,i such that a+ = (i+ = 5f+, 6+ = e+ = h+ and 
c+ = /+ = i+. If g+ is automorphic, then g+ — h+ — i+ and F has only three 
vertices. So, ii \U\ > 30{g > 3), then every automorphic vertex can have only one 
neighbor. 

Let U = U1U2US be a Wicks form with automorphism (f) of the third order with t 
single automorphic vertices (without neighbors) and s pairs of automorphic vertices, 
such that \Ui = \U2\ = \Us\ and U2 = (/>(t/i). Us = (p'^{Ui). 

Now we describe a transformation of ■^-type. Let Ui — XiX2---Xk- First, we 
delete all letters from all automorphic vertices. Then, if both Xi and belong to 
Ui, then we leave Xi and x^^ without changing. If Xi belongs to Ui, but x^'^ belongs 
to U2 or U3, we replace the image of x^^ in Ui by x^^^. After all reductions and 
cancellations we will obtain a word W, which is a Wicks form of genus p, where 
p < {g + 2)/3. We will say, that W is obtained from [/ by a transformation of 
^-type. On the other hand, there are no more, than 

^i2p(12p - 6)(12p - 2) . . . (12p - 6 + 4g)(12p - 2 + 4g) . . . (12p - 6 + 4g + At) 

s\t\ 

possibilities to obtain a genus g Wicks form of the third with t single automorphic 
vertices and s pairs of automorphic vertices from every rooted Wicks form of genus 
p. The number of nonequivalent rooted cubic words is 

(12p-6)(6p-4)! 
(3p-2)!p!l2P 

So, the number of genus g Wicks forms of the third with t single automorphic vertices 
and s pairs of automorphic vertices , is no more, than 

S{p) = 3^^P{12p - 6)(12p - 2) . . . (12p - 6 + 4s)(12p - 2 + 4s) . . . 

{Up -6 + l,s + lf)(12p - 6){6p - 4)! 
s\t\{3p-2)\p\12P. 
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It is easy to see, that 



S{p)<2g^ n (12(7-6- 7m). 

meAf,12g-6-7m>0 

Lemma 3. One may estimate the number of the Wicks forms with automorphisms 
of order 5 by the following expression 

N^{g)=o{R{g)/l2g-Q). 

Proof. It is easy to see, that a Wicks form with automorphism of order five cannot 
have any "diagonal" edges and automorphic vertices. So, every vertex vi has four 
different images. 

If edges ai,6i,Ci are leaving a vertex t>i, then there are subwords a^^hi^hi^Ci 
and c^^ai in the Wicks form. Now we will describe an inductive procedure of 
constructing a genus g Wicks with automorphism of order five. At the first step 
we fix subwords a^^hi^hi^Ci and c^^ai and their images. There are no more than 
Vlg — 6 possibilities for fixing of subword a^^hi^ there are no more than V2g — 6 — 2 
possibilities for fixing of subword &]~^ci and there are no more than 12g — 6 — 4 
possibilities for fixing of subword c^^ai. The places for images of a^^6i,6|f^ci and 
Ci^ai are determined and 24 different letters are fixed on the first step by no more 
than (12(7 ^ 6) (12(7 — 6 — 2) (12(7 — 6 — 4) possibilities. So, there are no more than 
(12(7 — 6 — 24) posibilities for a2^b2, no more than {12g — 6 — 26) for 6^^C2 and no 
more than (I2g — 6 — 28 for C2 • There are no more than (12g — 6 — 24) (12(7 ~ 
6 — 2 — 24) (12(7 — 6 — 4 — 24) variants for fixing 24 letters on the second step. So, on 
the fc-step we fix a'^^hk,h'^^Ck and c^^a^ and their images. There are no more than 
(12^ - 6 - 24(A; - 1))(12^ - 8 - 24(A; - 1))(12^ - 10 - 24(A; - 1) posibilities for this. 
We have, that a genus g Wicks form can be constructed by no more than 
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(12c/ - 6 - 24(A; - 1))(12^ - 8 - 24(A; - l)){l2g - 10 - 24(/c - 1)) 

mGAf,12g-6-24(m-l)>0 

ways. Lemma 3 follows now after some technical calcuUations. 

Lemma 4. One may estimate the number of the Wicks forms with automorphisms 
of order A;, > 7 by the following expression 
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Proof. The proof is obvious. 

From the above Lemmas we obtain (|I|). 

□ 

Let us consider an element of the set of topological equivalence of the single-face 
nets, i. e. a word U{g) G W^i^g), U{g) = a...b...c..., {a,b,c,...} = A where A is an 
alphabet. A corresponding local minimal net consists of arcs of geodesies Ca, eb, .... 
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Let Ix be length of segment Cx for x E A. Then for any word U{g) there is a 
system of numbers Lu = la, ...,lb, ■■■Jc, ■■■■ where Ix = Ix-^ and the subscripts put 
together the word U{g). 

Thus, the system of numbers defined above is a description of a local minimal net 
on a surface. On the other hand there are different systems for any net. So, we need 
to define now an equivalence of these systems. Two systems of numbers L'jj, and 
Lu are equivalent if in some alphabet U = U' and the corresponding components l'^ 
and Ix are equal for any letter x & U. 

What kind of numbers in R^^^~^ correspond to a system of numbers L;/? In 
order to answer on this question we have to describe the set of 12g — 6-gons on the 
hypobolic plane with the following conditions: all angles around vertecies are equal 
to 2n/3, sides of this polygon can be consequently labeled by letters of the word U 
so that we can read this word after that and for length Ix of side x holds 

lx = Ix-hx e A. (1) 

So, there are 651 — 8 equalities of the type (1) because there are 651 — 8 different letters 
in U. Let us now consider three different vertecies Ai, A2, A3 of such a 12g — 6-gon. 
We have then three different nonintersect subwords Xi, X2, of U. There are 
analitic functions u, /i so that 

Ai = iy{lx„lx-^), 

A2 = ^{1x2 Jx-^)^ 
Ai = ^{Ix-iJxs), 
IA2A3I =At(X3), 

\A,As\^pi{X,). 
It is well known that there is an analitic function ^ such that 

1^1^21=^(4,^1,^2), 

1^2^31=^(^1,4,4), (2) 
=e(i2,i3,4). 

The equalities (1) and (2) give us a description of all such polygons. The number 
of conditions is equal to 65 — 8 + 8 = 65. 

Thus, the set of local minimal nets Wu corresponding to a cubic word U by 
genus g can be realized as a subset of R^^^~^ given by equahties (1) and (2). 

We obtain also the following theorem. 

Theorem 1.2. The set of all closed single-face local minimal nets W{g) can be 
realized as a union of subsets Wu in R^^^~^ given by the conditions (1), (2) where 
U is an element of W^{g). 

Commentcir. It is interesting to note that the number of free parameters in the 
set Wu is equal to 6g — 6, i. e. the dimension of the Teichmiiller space. 
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3 Exotic nets 



Here we suppose some examples of words corresponding to the regular /-face regular 
nets, / > 1. One can realize such nets on the surfaces of curvature —1. Let 
us consider / regular /c-gons on the hypobolic plane with angles equal 27r/3 and 
label the sides according these words. Such partitions of the hyperbolic plane with 
an action of the fundamental group of Mg according the following words gives us 
examples of surfaces with an "exotic" local minimal net. 

Let / be 2 and k be 12. Then there is the following example 

mnfghf~^ig~^h~^i~^n~^l~^. 

Let / = 3 and A; = 10 : 

^14^1 ^7 ^8 ^9^13 ^15 ^18 ^19 ^11 



a 10 a 1 1 ai2 15 ctie cus 12^ 19 16^ ctis 



Let / = 4 and k = 9 : 



Let f — 6 and k — 8 : 



CI1CI4CI5CI2 0,3015^ Olg^Oig^Og 
0,2 Q.5G7G1 CI'S^Q '^5 '^11 '^10 
01104 ^07 ^Og ^090i20i50i60i/ 



Oi40i70i80i2^0i90iy^Oig^03 ^Oio 



0104050203020010^ '^9 
O2 ^050701 ^OgOg ^Og ^Oi3^ 
01304 ^Oy ^Og ^0901402103 ^ 
OioOiiOi2ai50i6023^022^0ti4^ 
Oi70igO]^2^0i90^7 0^g''^ 024^23 



^15^^18^^19^^11^^20021022024^ 



Let / = 12 and A; = 7 : 



OlO2O20O2lO22Oi0^Og ^ 
O3 O4 O5 O23 O24 O25 020^ 
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O-l ^C'SOfi ^0.5 ^029028^026^ 
O4 ^Oy ^Og ^09030031029^ 
010011012013033^032^030^ 
O14O15O16O34O35O36O33 

O17O18O14 a;^3^a37a38a3/ 
o 1 2^ o 1 9 a 7^ a ;^g^ 040 039 037^ 

•^15 "^IS '^11 ^22 ^^41040 
'^21^ ^^25^ ^^42 035^ 03g^ 039^ a^l 
042^024^027^02803/032030^ 
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